We evolve a set of 32 equal-mass black-hole binaries with collinear spins (with intrinsic spin magnitudes | S1,2/m 2 1,2 | = 0.8) to study the effects of precession in the highly nonlinear plunge and merger regimes. We compare the direction of the instantaneous radiated angular momentum, δJ rad (t), to the directions of the total angular momentum,Ĵ(t), and the orbital angular momentum, L(t). We find that δJ rad (t) approximately followsL throughout the evolution. During the orbital evolution and merger, we observe that the angle between L and total spin S is approximately conserved to within 1
INTRODUCTION AND MOTIVATION
The 2005 breakthroughs in Numerical Relativity [1] [2] [3] allowed for accurate investigations of the orbital motion of merging black-hole binaries (BHBs) in the highlynonlinear regime between the slow inspiral (which can be modeled by post-Newtonian dynamics) and the postmerger phase (which can be modeled by black-hole perturbation theory). In particular it allowed numerical relativists to quantify the effects of black-hole spin in the last stages of the merger. This includes notable effects such as the hangup effect [4] , which delays or expedites the merger depending on whether the spins are aligned or counter-aligned with the orbital angular momentum, and the generation of recoils as large as several thousand km s −1 when the spins are (at least partially) antialigned with each other and have a nontrivial components in the orbital plane [5, 6] .
Here we investigate the effects of precession of the BHB system on the evolution of the total angular momentum, J, the orbital angular momentum, L, the total spin, S, and the instantaneous radiated angular momentum − → δJ rad = −d J/dt, during the plunge and merger of the binary, a regime that cannot be accurately modeled within the post-Newtonian framework.
Radiation of energy and angular momentum causes the orbit of a binary to decay, leading to an eventual merger. If the energy is radiated preferentially in one direction, the remnant will recoil. Similarly, determining how much of, and in which directions, the angular momentum is radiated allows us to accurately model the remnant's spin. This is important, for instance, in modeling the evolution of black-hole spins by successive mergers in models of structure growth in the early (high-z) universe [7, 8] as well as for modeling gravitational waveforms for source identification [9] [10] [11] and for predicting observational consequences in circumbinary disks [12] .
Intimately related to the question of what is the dominant contribution to the final spin of merging black holes is the question of whether transitional precession is possible for equal mass (or other mass ratios) black holes in the strong field regime of the plunge and merger. Transitional precession occurs when a binary system transitions from a regime where J is dominated by L to one where S dominates before the merger, passing through a regime where L ≈ − S and J can undergo dramatic "flips" in direction [13] . The complementary regime where L dominates is called simple precession and radiation of angular momentum takes place alongL ≈Ĵ, which leaves the J direction almost unchanged, although its magnitude decreases steadily.
NUMERICAL SIMULATIONS
To single out precession effects, we choose configurations that have equal-mass and equal-spin (magnitude and direction) BHs. These configurations [14] Eq. (2.23a) of Ref. [15] ,
We also see from Eq. (3.28c) of Ref. [16] , that the equalmass-aligned-spins configuration maximizes the spinorbit contribution to the radiation of total angular momentum perpendicular to J itself.
We vary the polar and azimuthal directions of the initial spins (θ, φ) with respect toL in order to "cover" the sphere with 32 simulations to find the specific configurations that maximize either precession or the evolution of the direction of J(t). The family of BHBs considered here are equal-mass, equal-spins, | S 1,2 /m 2 1,2 | = 0.8, BHBs that are further characterized by three parameters, the initial orbital frequency, the polar inclination of the individual BH spins, and the azimuthal orientation of the spins. For each polar angle θ we evolve a set of six azimuthal angles φ = 0
• , 30
• (except for θ = 0
• and θ = 180 • ). We choose initial polar angles equidistant in cos θ, θ = 0
• . We start from large enough initial separations to ensure 4 to 6 orbits prior to the merger.
Our numerical evolutions are based on the LazEv [17] implementation of the moving puncture approach [2, 3] with the conformal function W [18] . Our code uses the Cactus/EinsteinToolkit [19, 20] infrastructure and the Carpet [21] mesh refinement driver. We use the TwoPunctures thorn [22] to generate initial data and use the AHFinderDirect code [23] to locate apparent horizons. We measure the horizon mass and spin using the isolated horizon (IH) algorithm of [24] . We use the "flux-linkages" formalism [25] , written in terms of ψ 4 [26, 27] , to calculate the radiated angular momentum − → δJ rad .
We define the total angular momentum at time t as J(t) = J ADM − t 0 − → δJ rad (τ )dτ , which measures the angular momentum on the slice up to the extraction radius (here R = 100M ). We then translate the radiative quantities in time by R, which is an accurate enough measure of the propagation time for our current purposes.
We used two different techniques to measure the direction of the orbital angular momentum First, we use the coordinate trajectory r(t) and computeL coor ∝ r(t)×˙ r(t); second, we use L(t) = J(t)− S(t), where S(t) is measured using the IH algorithm (its direction is inferred from the zeros of the approximate Killing field [14] ). We use this second definition in our computations although we verified that our statements below are in agreement with both definitions. We also verified [28] that they both follow the general directions of Refs. [9, 11, 29] , which define radiation-based measures of preferred (noninertial) asymptotic frames (see also Fig. 1 ). 
RESULTS
In Fig. 1 we show the results from a prototypical simulation. We plot the trajectories ofĴ,L,Ŝ, and δJ rad . Note howĴ is nearly constant (an important feature for modeling), the large precession ofL andŜ, and that the instantaneous direction of the radiated angular momentum is close toL.
We denote the angle between two vectors using { A, B} = cos −1 (Â ·B). While J changes in magnitude by more than 30%, the direction of J is largely unchanged during the entire simulation (a result also observed in [30] ). We thus only observe simple precession in these equal-mass BHBs. As seen in Table I and Fig 2 , the net motion ofĴ (i.e. { J(t), J(0)}) is under 5
• .
The table also shows how far − → δJ rad (t) deviates fromĴ ({ − → δJ rad (t), J(0)}) for selected runs.
In Fig. 3 we show the time dependence of the angles { S(t), J(t)},{ L(t), J(t)}, and { S(t), L(t)}. Compared to the precession of J(t), the angles between J(t) and S(t) and J(t) and L(t) vary more strongly, changing by up to 7
• during the inspiral/plunge. From very large separations, when J(t) is dominated by L(t), the angle between these two vectors secularly increases due to the radiative loss of angular momentum. Consequently, the angle between J(t) and S(t) decreases to keep the angle between L and S, nearly constant (with oscillations of 1
• that can be associated with conservative post-Newtonian dynamics, i.e., nutation). This latter result is very important and will be used in the development of an empirical formula for the final remnant mass and spin since it connects the binary's configuration at large separations with that at merger [28] .
Here we propose a simple model of the final remnant BH's intrinsic spin and mass based on the observations that the total spin magnitude is conserved to a very high degree during the simulation and that the direction between the instantaneous orbital angular momentum and the total spin is approximately conserved (see also [30] ). Given the assumption that, even for precessing binaries, the component of the total spin along the orbital angular momentum leads to the well-known hangup effect [4] , we
FIG. 1:
A plot comparing the trajectories of (successively outwards curves)Ĵ (small blue curve), δJ rad (black curve), the coordinateL (red curve),L as defined by L = J − S (green curve), andŜ1 =Ŝ2 (magenta curve) for a θ = 90
• configuration. All vectors move counterclockwise with time.
FIG. 2: The precession ofĴ (compared to its initial direction) as a function of time for all the θ = 110
• and θ = 132
• configurations (left and right, respectively). The bottom plots show the ( = 2, m = 2) mode of ψ4 with the same time scale as a reference. Note that the precession angle decreases slightly after the large burst of radiation at merger. All 32 cases studied exhibit simple precession.
find that the remnant final spin is given by the hangup spin with the addition of the in-plane component of the initial total spin. That is, the remnant specific spin magnitude is given by
where F (α) is the predicted final remnant spin for the hangup configuration (an equal-mass, equal-spin, nonprecessing configuration where both BH spins are aligned with the orbital angular momentum and have intrinsic magnitude α), S is the component of the total spin in the direction of the orbital angular momentum of the individual BH spin (the factor of 1/2 comes from the fact that S = 2 S 1 = 2 S 2 here), S ⊥ is the magnitude of the total spin in the orbital plane, m h is the horizon mass of the individual BHs, and M h is the mass of the final remnant. To evaluate F (α) we use the recent work of Hemberger et al. [31] . We also model the total radiated energy relative to the mass of the BHB when it was infinitely separated, i.e. δẽ = (2m h − M h )/(2m h ). Here we measure M h directly using the IH formalism (denoted by δẽ IH ), and by using the relation M h = M ADM −E rad ) (denoted by δẽ rad ). As shown in Fig. 4 , we find very good agreement between Eq. (2) and the measured final spins for all configurations studied here. We also find good qualitative agreement between the hangup prediction for the radiated energy and our results. However, an excess of radiated energy is apparent due to further nonlinear dependence on the perpendicular component of the spins to be modeled in [28] .
DISCUSSION
We performed a set of numerical simulations to explore the effects of precession in the fully nonlinear regime. We chose a simple configuration with equal-mass BHs to complement particle limit studies, and we chose (relatively) large, collinear spins to maximize the precession effects. We found that in this highly nonlinear regime the angles between J and S or L exhibit significant changes on secular time scales with smaller oscillatory changes on the orbital time scale (nutation). On the other hand, the angle between S and L only shows small oscillations on the orbital time scale with no large secular trend. While the latter was first observed using low-order postNewtonian theory [13] , we see that, perhaps unexpectedly, it continues to hold true in the highly-nonlinear merger regime. We also compute the variation of the direction of the total angular momentum of the system as seen far from the sources and find that it varies at most by ∼ 5
• for our runs and hence is limited by ∼ 7
• for even maximally spinning holes. These results, connecting early and late time binary dynamics, are very important for modeling the remnant final masses and spins of the merged black hole with applications to cosmological and astrophysical scenarios, and for gravitational wave modeling. We verified that these assumptions work well when we compared the total energy radiated and final spins of our simulation with those of the hangup configurations, derived for nonprecessing binaries.
The approximate conservation of the total angular momentum directionĴ(t) raises the question of where the radiated angular momentum of the system goes. At large separations, J(t) and L are almost aligned with each other, but at the closer separations that we study here this needs not to be the case. As shown in Fig. 1 , the radiated angular momentum roughly follows the instantaneous direction of the orbital angular momentum L(t) rather than the more constant J(t). Notably, even though a large amount of angular momentum is radiated over time, this has a relatively small impact on the final direction of J, which is a consequence of the fact that L(t) itself precesses roughly around J, which effectively cancels the net components of − → δJ rad perpendicular to J(t).
Our configurations with equal mass binaries only exhibit simple precession; i.e. the direction of J(t) does not change significantly from its initial direction. When one considers unequal mass binaries, it is possible to fine-tune the parameters of the system so that J changes dramatically. To estimate at which mass ratio q this transitional precession [13] may occur, we consider the particle limit case of antialigned, maximally spinning holes with the (minimal) orbital angular momentum (at the ISCO [32] ).
which leads to a critical q c ≈ 1/4, above which transitional precession is not possible.
The relevance of including the spin dependence in the waveforms of coalescing black hole binaries to improve the sensitivity of a search, even in the nonprecessing case, was recently quantified in Ref. [33] . Precession effects will further modulate the waveform. Recently, a new method [9] [10] [11] 34] for generating precessing waveforms by rotating nonprecessing (hangup) waveforms was developed. Our work lends support to this method since we observe that the binary dynamics are dominated by the nonprecessing hangup effect. This is a consequence of the conservation of the angle between L and S. Note that this hangup waveform will have to be modified during the latest stages of merger to account for the true total spin as in Eq. (2) (e.g., to get the correct ringdown frequency). Similarly, an accurate prediction of the final mass and spin of the merged black hole is crucial for phenomenological descriptions of the gravitational waveforms, such as those based on SEOBNR [35] .
In addition, the relevance of these results for astrophysical scenarios lies on the fact that gravitational radiation, even for highly precessing systems, hardly changes the direction of the total angular momentum of the system. Thus suggesting [30] , for instance, that AGN jets, which are associated with the direction of the spin of the central black hole engine, are good indicators of the direction of the total angular momentum of the progenitor binary system. While the accurate modeling of the remnant mass leads to specific predictions for the spectrum of the cosmological gravitational-waves background radiation that could discern between light and heavy seeds scenarios [36] .
